Imperfect Energy Conservation of the Free-Electron Laser over the
  Timestep of Simulations by Park, Jeongwan
Imperfect Energy Conservation of the Free-Electron Laser over the Timestep of
Simulations
Jeongwan Park∗
Department of Physics, University of Hawaii at Manoa, Honolulu, HI 96822
(Dated: March 13, 2019)
Along the development of free-electron laser operating at the wavelength of X-ray, the importance
of investigation on the radiation has increased. A theoretical simulation is an essential tool for study-
ing existing and proposed experiments. The available simulations preserve net energy conservation
over the timestep, upholding causality between the electrons’ power and the radiated energy flux.
However, according to Wheeler-Feynman time-symmetric theory, the timestep is too short to ensure
this. Therefore, the time evolution of electrons and radiation field predicted by the simulations
should contradict the correct physics, regardless of whether the stimulated emission dominates over
the spontaneous emission or not.
I. INTRODUCTION
Along the development of free-electron laser (FEL) op-
erating at the wavelength of X-ray, the importance of
FEL has increased. The X-ray radiation generated by
available FELs is intense but only partially coherent [1].
Therefore, much work is being done to improve coherence
[2]. Consequently, a detailed analysis of the physics of ex-
isting or proposed FEL has become more significant. In
such an analysis, as analytic predictions cannot be eas-
ily made, theoretical simulation has become an integral
tool. Therefore, apprehending any possible physical lim-
itations of the simulations is vital for the improvement
of the FEL.
Within the theoretical simulations, the FEL equations
are numerically integrated to compute the time evolution
of electrons and radiation field. The FEL equations are
composed of a set of three equations: one equation for
the electron energy, one for the field amplitude, and a
third for the electron phase of the ponderomotive poten-
tial [3][4]. The FEL equations base on an approximation
applied to the field of classical electrodynamics (CED)
that builds on the retarded only formulation and do not
infer any singularity of the field, which overlooks the issue
of the singularity of CED’s field. The simulations’ infor-
mation of electrons and radiation field is updated every
timestep, the time it takes for a radiation field slice to
slip over an electron beam slice. The update is in accor-
dance with preservation of net energy conservation over
the timestep, upholding causality between the electrons’
power and the radiated energy flux, which is dictated
by the FEL equations regardless of the number of radi-
ating electrons [5]. It should be worthwhile investigat-
ing whether the dictation is physically correct because if
that is not true, the simulations can contradict the actual
physics.
To check the validity of net energy conservation over
the timestep, according to the integral form of Poyntings’
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theorem, the time integrations of electrons’ power and ra-
diated energy flux, which are causally connected, over the
timestep should be compared. And the electrons’ power
should be computed from the actual field at the elec-
trons, not from an approximated field. Hence, the FEL
equations’ implication of net energy conservation over the
timestep cannot mean that it is indeed preserved. How-
ever, whether it is preserved has not been investigated in
detail. Therefore, in this paper, the validity of net energy
conservation over the timestep is investigated, using the
actual field at the electrons.
II. ENERGY CONSERVATION INVESTIGATED
BY WHEELER-FEYNMAN TIME-SYMMETRIC
THEORY
In CED the time integrations of electrons’ power and
radiated energy flux over the timestep cannot be com-
pared as the electrons’ power cannot be computed due
to the indeterminateness of the field at the electrons.
Therefore, it may be attempted to calculate the electrons’
power by assigning a portion of radiated energy flux to
each electron in an ad hoc manner [4]. However, in such
attempts, electrons’ power is calculated using CED’s ra-
diated energy flux and an assumption of energy conser-
vation. Therefore, the calculated electrons’ power cannot
be used to investigate the validity of energy conservation.
Using CED, the validity of net energy conservation over
the timestep cannot be investigated.
To better study the field at the charged particles ra-
diating into free-space, overcoming CED’s issue of the
indeterminate field at the charged particles, Dirac found
a non-retarded, finite, and definite expression for the field
at the charged particles [6]. However, the physical ori-
gin of Dirac’s field is not clear [7]. On the other hand,
an alternative theory of CED, Wheeler-Feynman time-
symmetric theory of complete absorbing system (CWFT)
[7], which bases on the first principle of time-symmetric
interaction between the charged particles and the ab-
sorber of complete absorbance, infers that at the charged
particles the field is the same as Dirac’s field. There-
fore, it is well worth considering computing the electrons’
ar
X
iv
:1
60
8.
03
23
4v
5 
 [p
hy
sic
s.p
las
m-
ph
]  
11
 M
ar 
20
19
2power using CWFT to investigate the validity of net en-
ergy conservation over the timestep.
Some aspects of CWFT remain controversial and it is
conceptually challenging, but it is not aggressive to CED
[1]; at large distance from the electrons radiating into
free-space, the radiated energy flux in CED and CWFT
become the same [7]. Furthermore, the CWFT’s time
integration of electrons’ power over a period is shown to
match the time integration of CED’s radiated energy flux
at large distance from the electrons, for the case of a peri-
odically oscillating electron [7], and the case of two syn-
chronously periodically oscillating non-relativistic elec-
trons spaced by distances of the order of a wavelength
[1]. Therefore, CWFT can be considered as a solid alter-
native theory of CED, which infers a definite field at the
electrons. Hence, this paper’s investigation of the valid-
ity of FEL’s net energy conservation over the timestep is
done using CWFT.
To simplify the analysis, which is done in the FEL elec-
trons’ comoving frame, the radiation into free-space of a
periodically oscillating electron or two periodically oscil-
lating electrons is investigated. As the timestep of sim-
ulations should be less than a period because the spac-
ing between the electrons can be smaller than a radia-
tion wavelength, the validity of net energy conservation
over time less than a period is studied. By studying two
cases of the different number of the electrons, the trend of
the validity of net energy conservation depending on the
number of the electrons can be studied, from which an in-
dicator of the validity of the more complicated FEL’s net
energy conservation over the timestep can be obtained.
The single electron’s radiation mimics the case of sponta-
neous emission whereas the two electrons’ radiation mim-
ics the case when both the spontaneous and stimulated
emissions are present. Electrons are assumed to be non-
relativistic (in the FEL electrons’ comoving frame, elec-
trons can be approximated to be non-relativistic [8]) and
point-like in the analysis. And assumed are that the ra-
diated energy flux originates from the causal origin (the
electrons’ power) and that there is no singularity of the
field. It is found that net energy conservation over time
less than a period is not guaranteed to be preserved.
III. ENERGY CONSERVATION FOR SINGLE
ELECTRON’S RADIATION
To compute the radiated energy flux and electron’s
power, the field needs to be obtained first. As the electron
is in the non-relativistic limit, U0cω [rs(t) = z0e
−iωtzˆ is
the electron’s position, and U(t) ≡ r¨s(t) = −U0e−iωtzˆ,
where z0 and U0 are non-negative] is in the limit of
U0
cω →
0. The field at r is given as the following at r of order
lower than O
(
U0
cω
)
:
Eabs(r, t) +
1
2
{Eret(r, t) +Eadv(r, t)}, (1)
and at r of order higher than O
(
U0
cω
)0
the field is the
following:
Eabs(r, t). (2)
The distinction criteria between order of r corresponding
to Eqs. (1) and (2) is whether the order converges to zero
in the limit of U0cω → 0 or not. Eret(r, t) and Eadv(r, t) are
the retarded and advanced field, respectively. Eabs(r, t)
lying within the plane (r, rs) is the advanced field of the
absorber. From the derivation of Eabs,‖(r, t) [portion of
Eabs(r, t) parallel to U(t)] in CWFT, Eabs,⊥ [portion
of Eabs(r, t) perpendicular to U(t)] can be computed.
Then, from the expressions of Eret(r, t), Eadv(r, t), and
Eabs(r, t) [Eqs. (A8), (A15), and (B17), respectively],
the following relation can be obtained:
Eabs(r, t) =
1
2
{Eret(r, t)−Eadv(r, t)}. (3)
Therefore, according to Eqn. (1), the field of CED and
CWFT are the same at r of order lower than O
(
U0
cω
)
.
From the obtained field, the electron’s power can be
computed as the following:
W (t) ≡ −q lim
r→rs
[Eabs(r)] ·Re[r˙s(t)] = q
2U20
6pi0c3
sin2(ωt).
(4)
The radiated energy flux over the boundary of a sphere
of radius R → ∞ which is centered at the origin,
lim
R→∞
P (t, R), becomes the following [its detailed deriva-
tion is given in Eqn. (A9)]:
lim
R→∞
P (t, R) = lim
R→∞
q2U20
6pi0c3
cos2{ω(t− R
c
)}. (5)
To compare the time integrations of radiated energy
flux and electron’s power, the time difference between
the radiated energy flux and electron’s power which link
them causally should be found. As the distance between
the electron and the infinite sized sphere’s boundary is
lim
R→∞
R [the displacement of electron’s oscillation, which
is of order of O
(
U0
cω
)2
, can be neglected], the electron can
be considered to influence lim
R→∞
P (t, R) causally, with the
time retardation of lim
R→∞
R
c . Therefore, if the instanta-
neous energy conservation is preserved, lim
R→∞
P (t+ Rc , R)
should be equal to W (t). Consequently, a measure of the
imperfection of net energy conservation over time of ∆
that is of order lower than O
(
U0
cω
)2
, I(∆), can be de-
fined as the relative ratio between energies originating
3from two portions of W (t), as the following:
I(∆) ≡
∫ t0+∆
t0
lim
R→∞
1
2{W (t)− P (t+ Rc , R)}dt∫ t0+∆
t0
lim
R→∞
1
2{W (t) + P (t+ Rc , R)}dt
= − sin(ω∆) cos{ω(2t0 + ∆)}
ω∆
.
(6)
Because the phase of oscillations of simulated FEL’s elec-
trons can be specified over the timestep, t0 is of order of
a period, O
(
U0
cω
)
. As I(∆) deviates more from zero, net
energy conservation over ∆ is less perfectly preserved.
I(∆) is zero not for every ∆.
IV. ENERGY CONSERVATION FOR TWO
ELECTRONS’ RADIATION
In the case of radiation of two electrons named 1 and
2 as shown in Fig. 1 [d, the spacing between the two
electrons, is of order lower than O
(
U0
cω
)2
], for d of order
lower than O
(
U0
cω
)
, E(i)(t), the field at the ith electron,
is the following (the index i in the subscript of the field
represents that the field is created because of the ith
electron):
E(1)(t) = lim
r→r1
{Eabs,1(r, t) +Eret,2(r, t)},
E(2)(t) = lim
r→r2
{Eabs,2(r, t) +Eret,1(r, t)}.
(7)
For d of order of a wavelength, O
(
U0
cω
)
, the field at the
electrons becomes the following:
E(1)(t) = lim
r→r1
{Eabs,1(r, t) +Eabs,2(r, t)},
E(2)(t) = lim
r→r2
{Eabs,1(r, t) +Eabs,2(r, t)}.
(8)
FIG. 1. Two periodically oscillating electrons that radiate
into free-space.
From the obtained field, electrons’ power can be com-
puted as the following:
Wtwo(t, α, δ, d)
= −q
[
Re[E(1)] ·Re[r˙1] +Re[E(2)] ·Re[r˙2]
]
,
(9)
which is calculated in Eqn. (C3) for d of order lower than
O
(
U0
cω
)
, and in Eqn. (C4) for d of order of O
(
U0
cω
)
(α and
δ are defined in Fig. 1). The radiated energy flux over
the boundary of a sphere of radius R→∞ (order of d is
higher than that of R, in terms of U0cω ) centered at O (the
origin) of Fig. 1, lim
R→∞
Ptwo(t, R, α, δ, d), is calculated as
the following [its detailed derivation is presented in Eqs.
(C6) - (C9)]:
lim
R→∞
Ptwo(t, R, α, δ, d) =
lim
R→∞
q2U20
3pi0c3
cos2{ω(t− R
c
)− δ
2
}{1 + 3X(d, α) cos δ},
(10)
where X(d, α) is given in Eqn. (C5).
Similar to the single electron’s radiation, the time
difference between radiated energy flux and electrons’
power which connect them causally should be ob-
tained, to compare the time integrations of radi-
ated energy flux and electrons’ power. Comparing
lim
R→∞
Ptwo(t, R, α, δ, d) to lim
R→∞
P (t, R), it can be noted
that if the two electrons are replaced by an equiva-
lent electron centered at the origin with acceleration
of r¨′s = −
√
2{1 + 3X(d, α) cos δ}U0e−i(ωt− δ2 )zˆ, the ra-
diated energy flux created by the equivalent electron,
lim
R→∞
P ′(t, R, α, δ, d), is equal to lim
R→∞
Ptwo(t, R, α, δ, d).
Moreover, according to W (t) and Wtwo(t, α, δ, d), if δ =
2npi (n is an integer), the equivalent electron’s power,
W ′(t, α, δ = 2npi, d), is equal to Wtwo(t, α, δ = 2npi, d).
For the equivalent electron’s radiation, the causality dic-
tates that W ′(t, α, δ = 2npi, d) is the cause of lim
R→∞
P ′(t+
R
c , R, α, δ = 2npi, d). This can infer that Wtwo(t, α, δ =
2npi, d) is the effective cause of lim
R→∞
Ptwo(t+
R
c , R, α, δ =
2npi, d) for the two electrons’ radiation, although the
distance between an electron and a point within the
sphere’s boundary is not fixed. Therefore, if the instanta-
neous energy conservation is preserved for the radiation
of two electrons, Wtwo(t, α, δ = 2npi, d) should be equal
to lim
R→∞
Ptwo(t +
R
c , R, α, δ = 2npi, d). Consequently, for
the radiation of the two electrons with δ = 2npi, a mea-
sure of imperfection of net energy conservation over time
of ∆, Itwo(∆, α, δ = 2npi, d), is similarly defined as I(∆),
which is equal to I(∆).
V. DISCUSSION OF THE RESULTS
According to the analysis of this paper, the time in-
tegrations of power of periodically oscillating electrons
radiating into free-space over a period T are the same
in CED and CWFT [9], as shown in App. D, regardless
of the number of electrons. Therefore, for the radiation
of a periodically oscillating electron or two periodically
oscillating electrons, CED and CWFT dictate the same
4time integration of electrons’ power over a period and
do the same for the radiated energy flux, while net en-
ergy conservation over a period is preserved in CWFT
[10]. Hence, CED and CWFT infer the same net energy
conservation over a period, which corrects an analysis
contradicting this [1] and demonstrates another similar-
ity between CED and CWFT. This further demonstrates
that CWFT is not offensive to CED and thus shows an-
other suitability of the use of CWFT as a reliable alter-
native theory of CED in the analysis of this paper.
For the radiation of the single electron or the two elec-
trons with δ = 2npi, according to I(∆) and Itwo(∆, α, δ =
2npi, d), it is found that although net energy conserva-
tion over time of ∆ is approximately well preserved for
∆ much greater than a period, for ∆ less than a period it
is not guaranteed to be preserved. And the phasor of field
with which electrons interact via the electrons’ power to
exchange energy is in quadrature with the resultant radi-
ation field (the phase difference between the field on an
electron and the electron’s velocity is an integer multiple
of pi), which can be seen from the following relation:
lim
R→∞
[W (t)− P (t+ R
c
± pi
2ω
,R)] = 0,
lim
R→∞
[Wtwo(t, α, δ = 2npi, d)− Ptwo(t+ R
c
± pi
2ω
,R, α, δ = 2npi, d)] = 0.
(11)
This can be related to an argument of the FEL electrons’
velocity-dependent amplification of light in quadrature
with the acceleration-dependent radiation emitted by the
electrons [11]; the radiated energy flux exiting the infi-
nite sized sphere is proportional to lim
R→∞
cos2[ω(t − Rc )]
while the electrons’ retarded velocity is in phase with
lim
R→∞
[− sin{ω(t− Rc )}].
For the FEL simulated, although the number of elec-
trons can be much larger than two, the electrons’ os-
cillations may not be perfectly coherent, the electrons’
velocities are not absolutely zero, and there can be
more complicated electrons’ motion and thus the elec-
trons’ motion may not be pure periodic transverse os-
cillations, I(∆) and Itwo(∆, α, δ = 2npi, d) can be rea-
sonable approximated indicator of imperfection of net
energy conservation over time of ∆. The reasons for
this include that the imperfection does not diminish as
the number of periodically oscillating electrons increases
[I(∆) = Itwo(∆, α, δ = 2npi, d)] and that the electrons
can be approximated to be non-relativistic in the elec-
trons’ comoving frame.
Wheeler-Feynman time-symmetric theory of complete
absorbing system dictates that if the causality is pre-
served between the electrons’ power and radiated en-
ergy flux, net energy conservation over the timestep that
should be much less than a period is not guaranteed
to be preserved, in the simulations; if the timestep is
0.3T , which may not be smaller than an actual timestep,
the imperfection of net energy conservation can be ap-
proximately 50%. This conflicts with available simula-
tions’ strategy. Therefore, the time evolution of electrons
and radiation field which is predicted by the simulations
should contradict the true physics, regardless of whether
in the free-electron laser the stimulated emission domi-
nates over the spontaneous emission or not.
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Appendix A: Retarded and advanced radiation field
The retarded Lie´nard-Wiechert potential corresponding to one electron of position of rs(t) = z0e
−iωtzˆ is the
following:
Φ(r, t)ret =
1
4pi0
{ q
(1− nˆ · βs)|r− rs|
}
tret
, (A1)
A(r, t)ret =
µ0c
4pi
{ qβs
(1− nˆ · βs)|r− rs|
}
tret
, (A2)
where nˆ = r−rs|r−rs| , and Φ(r, t)ret becomes the following in the non-relativistic limit:
Φ(r, t)ret ' q
4pi0r
{
(1 + βs cos θ)
(
1− δr
r
)}
tret
, (A3)
5where βs = − iωz0c e−iωt, and δr = −z0 cos(ωt) cos θ; θ is the polar angle of r. Then, using tret = t− rc −
δrtret
c , δrtret
becomes the following:
δrtret ' −z0 cos θ
[
cos
{
ω(t− r
c
)
}
+ sin
{
ω(t− r
c
)
}ωδrtret
c
]
, (A4)
and δrtret becomes the following:
δrtret ' −z0 cos θ cos
{
ω(t− r
c
)
}
. (A5)
Therefore, Φ(r, t)ret becomes the following:
Φ(r, t)ret ' q
4pi0r
{
1 +
iU0
cω
(
1 +
i
u
)
cos θe−iω(t−
r
c )
}
, (A6)
where u ≡ kr, and U0 ≡ −ω2z0, and A(r, t)ret becomes the following:
A(r, t)ret ' qµ0U0i
4pirω
e−iω(t−
r
c )zˆ. (A7)
The corresponding electromagnetic field is the following, in the spherical coordinate:
E(r, t)ret =
q
4pi0r2
rˆ +
qωU0
4pi0c3
e−i(ωt−u)
1
u
{
2
( i
u
− 1
u2
)
cos θrˆ +
(
1 +
i
u
− 1
u2
)
sin θθˆ
}
,
B(r, t)ret =
qωU0
4pi0c4
e−i(ωt−u)
1
u
(1 +
i
u
) sin θϕˆ.
(A8)
Therefore, the radiated energy flux over the boundary of a sphere of radius R → ∞ centered at the origin becomes
the following:
lim
R→∞
P (t, R) ≡ lim
R→∞
1
µ0
∫
(Re[Eret]×Re[Bret]) · rˆds
= lim
R→∞
q2U20
6pi0c3
[
cos2{ω(t− R
c
)}+ sin{2ω(t−
R
c )}
kR
− cos{2ω(t−
R
c )}
(kR)2
− sin{2ω(t−
R
c )}
2(kR)3
]
= lim
R→∞
q2U20
6pi0c3
cos2{ω(t− R
c
)}.
(A9)
The advanced Lie´nard-Wiechert potential corresponding to the periodically oscillating electron is the following:
Φ(r, t)adv =
1
4pi0
{ q
(1 + nˆ · βs)|r− rs|
}
tadv
, (A10)
A(r, t)adv =
µ0c
4pi
{ qβs
(1 + nˆ · βs)|r− rs|
}
tadv
. (A11)
Then, using
δrtadv ' −z0 cos θ cos{ω(t+
r
c
)}, (A12)
Φ(r, t)adv becomes the following:
Φ(r, t)adv ' q
4pi0r
{
1 +
iU0
cω
(− 1 + i
u
)
cos θe−iω(t+
r
c )
}
, (A13)
and A(r, t)adv becomes the following:
A(r, t)adv ' qµ0U0i
4pirω
e−iω(t+
r
c )zˆ. (A14)
Then, the advanced electromagnetic field is the following:
E(r, t)adv =
q
4pi0r2
rˆ +
qωU0
4pi0c3
e−i(ωt+u)
1
u
{
2
(− i
u
− 1
u2
)
cos θrˆ +
(
1− i
u
− 1
u2
)
sin θθˆ
}
,
B(r, t)adv =
qωU0
4pi0c4
e−i(ωt+u)
1
u
(−1 + i
u
) sin θϕˆ.
(A15)
6Appendix B: Eabs of Wheeler-Feynman time-symmetric theory of complete absorbing system
Eabs,⊥(r, t) [portion of Eabs(r, t) perpendicular to U(t)] is the following in the coordinate of which zˆ that is along
r, according to CWFT:
Eabs,⊥(r, t) = − iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos(r, rk))
∫ 2pi
0
dφd
2pi
cos(rk,U(t))e
iu cos(r,rk)×[
{− sin(r, rk) cosφ′ + cos(rk,U(t)) sin(r,U(t)) cosφ}xˆ+ {− sin(r, rk) sinφ′ + cos(rk,U(t)) sin(r,U(t)) sinφ}yˆ
+ {− cos(r, rk) + cos(rk,U(t)) cos(r,U(t))}zˆ
]
;
(B1)
rk is location of the particle in the absorber, φ and φ
′ are the azimuthal angle of U(t) and rk, respectively, and φd
is dihedral angle between the (r,U) and (r, rk) planes. The x-component of Eabs,⊥(r, t) of Eqn. (B1) becomes the
following [θ and θ′ are polar coordinates of U(t) and rk, respectively]:
Eabs,⊥x(r, t) =
−iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos θ′)
∫ 2pi
0
dφ′
2pi
cos(rk,U(t))e
iu cos θ′{− sin θ′ cosφ′ + cos(rk,U(t)) sin θ cosφ}.
(B2)
The first term of Eabs,⊥x(r, t) becomes the following:
iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos θ′)
∫ 2pi
0
dφ′
2pi
{sin θ sin θ′ cos(φ− φ′) + cos θ cos θ′}eiu cos θ′ sin θ′ cosφ′
=
iωq
16pi0c3
U0e
−iωtC1 sin θ cosφ,
(B3)
where C1 ≡
∫ 1
−1(1− x2)eiuxdx = 4 sinu−u cosuu3 , and the second term of Eabs,⊥x becomes the following:
− iωq
16pi0c3
U0e
−iωtC2 sin θ cosφ, (B4)
where C2 ≡ 1pi
∫ 1
−1 d(cos θ
′)
∫ 2pi
0
dφ′ cos2(rk,U(t))eiu cos θ
′
. Hence, Eabs,⊥x(r, t) becomes the following:
Eabs,⊥x(r, t) =
iωq
16pi0c3
U0e
−iωt(C1 − C2) sin θ cosφ. (B5)
The y-component of Eabs,⊥(r, t) becomes the following:
Eabs,⊥y (r, t) = −
iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos θ′)
∫ 2pi
0
dφ′
2pi
cos(rk,U(t))e
iu cos θ′{− sin θ′ sinφ′ + cos(rk,U(t)) sin θ sinφ}.
(B6)
The first term of Eabs,⊥y (r, t) becomes the following:
iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos θ′)
∫ 2pi
0
dφ′
2pi
{sin θ sin θ′ cos(φ− φ′) + cos θ cos θ′}eiu cos θ′ sin θ′ sinφ′
=
iωq
16pi0c3
U0e
−iωtC1 sin θ sinφ,
(B7)
and the second term of Eabs,⊥y (r, t) is the following:
− iωq
16pi0c3
U0e
−iωtC2 sin θ sinφ. (B8)
Therefore, Eabs,⊥y (r, t) becomes the following:
Eabs,⊥y =
iωq
16pi0c3
U0e
−iωt(C1 − C2) sin θ sinφ. (B9)
7The z-component of Eabs,⊥(r, t) is the following:
Eabs,⊥z (r, t) = −
iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos θ′)
∫ 2pi
0
dφ′
2pi
cos(rk,U(t))e
iu cos θ′{− cos θ′ + cos(rk,U(t)) cos θ}. (B10)
The first term of Eabs,⊥z (r, t) is the following:
iωq
4pi0c3
U0e
−iωt
∫ 1
−1
1
2
d(cos θ′)
∫ 2pi
0
dφ′
2pi
{sin θ sin θ′ cos(φ− φ′) + cos θ cos θ′}eiu cos θ′ cos θ′
=
iωq
8pi0c3
U0e
−iωtC3 cos θ,
(B11)
where C3 ≡
∫ 1
−1 x
2eiuxdx = 2 (u
2−2) sinu+2u cosu
u3 . And the second term of Eabs,⊥z (r, t) is the following:
− iωq
16pi0c3
U0e
−iωtC2 cos θ. (B12)
Therefore, Eabs,⊥z (r, t) becomes the following:
iωq
16pi0c3
U0e
−iωt(2C3 − C2) cos θ. (B13)
Hence, the resultant Eabs,⊥(r, t) becomes the following:
Eabs,⊥(r, t) =
iωq
16pi0c3
U0e
−iωt{(C1 − C2) sin θ(cosφxˆ+ sinφyˆ) + (2C3 − C2) cos θzˆ}. (B14)
To express Eabs,⊥(r, t) in a coordinate of which zˆ that is along rs(t) (in the remainder of this App. B, this coordinate
system is used), Eqn. (B14) should be transformed by the following matrix:

cos θ cosφ cos θ sinφ − sin θ
− sinφ cosφ 0
sin θ cosφ sin θ sinφ cos θ
 =

cos θ 0 − sin θ
0 1 0
sin θ 0 cos θ


cosφ sinφ 0
− sinφ cosφ 0
0 0 1

The −x-component of the transformed Eabs,⊥(r, t) is the ρˆ (axial unit vector in the cylindrical coordinate)-component
in the new coordinate, while y and z-components vanish. The resultant Eabs,⊥(r, t) becomes the following:
Eabs,⊥(r, t) =
iωq
16pi0c3
U0e
−iωt(2C3 − C1) sin θ cos θρˆ = qωU0
4pi0c3
e−iωt
1
u
[
i sinu+ i
3
u
cosu− i 3
u2
sinu
]
sin θ cos θρˆ,
(B15)
and Eabs,‖ of CWFT is given as the following:
Eabs,‖(r, t) =
qωU0
4pi0c3
e−iωt
1
u
{
− i sinu sin2 θ + i(cosu
u
− sinu
u2
)
(3 cos2 θ − 1)
}
zˆ. (B16)
Therefore, Eabs(r, t) = Eabs,‖(r, t) +Eabs,⊥(r, t) becomes the following:
Eabs(r, t)
=
qωU0
4pi0c3
e−iωt
u
[{( i
u
− 1
u2
)
eiu +
( i
u
+
1
u2
)
e−iu
}
cos θrˆ +
1
2
{(
1 +
i
u
− 1
u2
)
eiu +
(− 1 + i
u
+
1
u2
)
e−iu
}
sin θθˆ
]
.
(B17)
8Appendix C: Two radiating electrons’ power and radiated energy flux
Wtwo(t, α, δ, d) can be computed as the following for d of order lower than O
(
U0
cω
)
:
Wtwo(t, α, δ, d) =
q2U20
6pi0c3
{1− cos δ cos(2ωt− δ)} − q
[
Re[Eret,2(r1, t)] ·Re[r˙1] +Re[Eret,1(r2, t)] ·Re[r˙2]
]
=
q2U20
6pi0c3
{1− cos δ cos(2ωt− δ)}+ q
2U0
2pi0d2ω
sin(
δ
2
) cosα cos(ωt− δ
2
)
− q
2U20
4pi0c3
[
Re[A] sin(2ωt− δ)− Im[A] cos(2ωt− δ) + cos δIm[A]
]
,
(C1)
where
A ≡ e
ikd
kd
[
2
{ i
kd
− 1
(kd)2
}
cos2 α−
{
1 +
i
kd
− 1
(kd)2
}
sin2 α
]
. (C2)
Therefore, Eqn. (C1) becomes the following:
Wtwo(t, α, δ, d) =
q2U20
6pi0c3
{
1− cos δ cos(2ωt− δ)}. (C3)
For d of order of O
(
U0
cω
)
, Wtwo(t, α, δ, d) should be equal to Eqn. (C1) without the term containing Re[A], which
becomes the following:
Wtwo(t, α, δ, d) =
q2U20
6pi0c3
[{
1− cos δ cos(2ωt− δ)}+ 3{ cos δ − cos(2ωt− δ)}X(d, α)], (C4)
where X(d, α) is defined below:
X(d, α) ≡
[
cos2 α
{− cos(kd)
(kd)2
+
sin(kd)
(kd)3
}
+
sin2 α
2
{ sin(kd)
kd
+
cos(kd)
(kd)2
− sin(kd)
(kd)3
}]
. (C5)
The radiated energy flux over the boundary of sphere of radius R centered at the origin is the following:
Ptwo(t, R, α, δ, d) =
1
µ0
∫ [
Re[Eret,1 +Eret,2]×Re[Bret,1 +Bret,2]
]
· rˆda. (C6)
Then, lim
R→∞
Ptwo(t, R, α, δ, d) is the following [∆u ≡ kd2 (sin θ cosφ sinα + cos θ cosα), and θ and φ are the polar and
azimuthal angles of the spherical coordinate, respectively]:
lim
R→∞
Ptwo(t, R, α, δ, d)
= lim
R→∞
q2U20
32pi20c3
∫ φ=2pi
φ=0
∫ θ=pi
θ=0
sin3 θ
{
Re[e−2iω(t−
R
c ){ei∆u + ei(−∆u+δ)}2] + 4 cos2 (∆u− δ
2
)}
dφdθ
= lim
R→∞
q2U20
4pi20c3
cos2{ω(t− R
c
)− δ
2
}
∫ φ=2pi
φ=0
∫ θ=pi
θ=0
sin3 θ cos2(∆u− δ
2
)dφdθ.
(C7)
The above integral expression can be calculated as the following [Jn(x) is the Bessel functions of the first kind, and
Cνn(x) is the Gegenbauer polynomials]:∫ φ=2pi
φ=0
∫ θ=pi
θ=0
sin3 θ cos2(∆u− δ
2
)dφdθ = pi
∫ pi
0
sin3 θ{1 + J0(kd sinα sin θ) cos(kd cosα cos θ − δ)}dθ
=
4
3
pi
[
1 + cos δ
∫ pi
2
0
sin θ{C 120 (cos θ)− C
1
2
2 (cos θ)} cos(kd cosα cos θ)J0(kd sinα sin θ)dθ
]
=
4
3
pi
[
1 + cos δ
√
pi
2kd
{1
2
(3 cos2 α− 1)J 5
2
(kd) + J 1
2
(kd)
}]
=
4
3
pi
[
1 + 3X(d, α) cos δ
]
,
(C8)
where the θ-integration is given in Ref. [12]. Therefore, lim
R→∞
Ptwo(t, R, α, δ, d) becomes the following:
lim
R→∞
Ptwo(t, R, α, δ, d) = lim
R→∞
q2U20
3pi0c3
cos2{ω(t− R
c
)− δ
2
}[1 + 3X(d, α) cos δ]. (C9)
9Appendix D: The time integration of the electrons’ power over a period
In CED, for radiation of the single electron, the field at the electron can be decomposed as the following:
lim
r→rs
Eret(r) = lim
r→rs
[Eabs(r) +
1
2
{Eret(r) +Eadv(r)}]. (D1)
As lim
r→rs
1
2{Eret(r) +Eadv(r)} is divergent, and its direction is indeterminate, the electron’s power is indeterminate in
CED. However, as
− lim
r→rs
∫ t0+T
t0
q
1
2
Re[Eret(r) +Eadv(r)] ·Re[r˙s(t)]dt = 0, (D2)
the following relation can be obtained according to W (t) of Eqn. (4) and Eqn. (D1):∫ t0+T
t0
W (t)dt = − lim
r→rs
∫ t0+T
t0
qRe[Eret(r)] ·Re[r˙s(t)]dt, (D3)
which means that the time integrations of the electron’s power over a period is the same in CED and CWFT. Then,
according to E(i)(t) of Eqs. (7)-(8) and the following relation,∫ t0+T
t0
1
2
{Re[Eret,2(r1, t) +Eadv,2(r1, t)] ·Re[r˙1(t)] +Re[Eret,1(r2, t) +Eadv,1(r2, t)] ·Re[r˙2(t)]}dt = 0, (D4)
the time integrations of the power of periodically oscillating electrons radiating into free-space over a period is shown
to be the same in CED and CWFT, regardless of the number of electrons.
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